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Abstract. Let G^"''^'' be the eigenfunctions of the Dunkl-Cherednik operator 
X("''^) on M. In this paper we express the product gI^"'^"* (x) G^"'''"' (y) as an 

integral in terms of g''^'^\z) with an expUcit kernel. In general this kernel is 
not positive. Furthermore, by taking the so-called rational limit, we recover the 
product formula of M. Rosier for the Dunkl kernel. We then define and study a 
convolution structure associated to G^^"'^''. 



1. Introduction 

The Opdam hypergeometric functions G^"''^^ on M are normalized eigenfunc- 
tions 

of the differential-difference operator 
T(«,/3)/(a;) = /'(a;) + {(2a + l) cothx + (2/3 + 1) tanhx} ^^^'^"/^-^^ - p/(-x) . 

^ V ' 

{ (a-P) coth X + (2/3+1) coth 2x} { f{x) - f{-x) } 

Here a > /3 > —\, a > — |, p = a + f3 + 1 and A G C. Notice that, in Cherednik's 
notation, T*^"'''-' writes 

T{h, h)f{x) = fix) + + {fix) - fi-x) } - {h + 2h)f{x) , 

with a = ki + k2 — ^ and /3 = A;2 — |. We use as main references the article [T^ and 
the lecture notes [12] by Opdam. 
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The functions G^"''''' are closely related to Jacobi or hypergeometric functions 
(see e.g. [HI p. 90], |T2l Example 7.8], [6l Proposition 2.1]). Specifically, 



^i-«(x) + ^g^sinh2xv.r^'''+^Hx) 



(1.2) 

where ^t^\x) = 2Fi(£±^, ^ ; a + 1 ; - sinh^a;) . 

This paper deals with harmonic analysis for the functions G^^'^\ We derive 

mainly a product formula for G^"''''', which is analogous to the corresponding result 
of Flensted- Jensen and Koornwinder [3] for Jacobi functions, and of Ben Salem 
and Ould Ahmed Salem [2] for Jacobi-Dunkl functions. The product formula is 
the key information needed in order to define an associated convolution structure 
on M. More precisely, we deduce the product formula 



1.3) G^^''\x)G^^''\y)= [ G^^''\z)df^^:f\z) Va:,yGM, VA G C, 

Jr 



from the corresponding formula for ^^^'^^ Here lJ'^x,'y^ is an explicit real 

valued measure with compact support on M, which may not be positive and which 
is uniformly bounded in x,y G M. We conclude the first part of the paper by 
recovering as a limit case the product formula for the Dunkl kernel obtained in 

m- 

In the second part of the paper, we use the product formula (II. 3p to define and 
study the translation operators 

We next define the convolution product of suitable functions / and g by 

f*a,p9{x):= [ T^^'^^f{-y)g{y)A^M)dy, 



where Aa^is^y) = (sinh?/)^"+^(cosh?/)^'^+-^. We show in particular that / *a,/3 g = 
9 *a,/3 / and that J-'(/ *a,i3 g) = J^{f) J^id), where J-" is the so-called Opdam- 
Cherednik transform. Eventually we prove an analog of the Kunze-Stein phenom- 
enon for the *„j3-convolution product of L^-spaces. 

In the last part of the paper, we construct an orthogonal basis of the Hilbert 
space L'^{M., Aa,i3{\x\)dx), generalizing the corresponding result of Koornwinder |9] 
for L'^{M.'^, Aa^i3{x)dx). As a limit case, we recover the Hermite functions con- 
structed by Rosenblum [13] in L^(M, \x\'^°'~^^dx). 

Our paper is organised as follows. In section 2, we recall some properties and 
formulas for Jacobi functions. In section 3, we give the proof of the product formula 
for G^"''^''. Section 4 is devoted to the translation operators and the associated 
convolution product. Section 5 contains a Kunze-Stein type phenomenon. In 
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Section 6, we construct an orthogonal basis of L^(M, Aa^/3{\x\)dx) and compute its 
Opdam-Cherednik transform. 

2. Preliminaries 

In this section we recall some properties of the Jacobi functions. See |1] and |5] 
for more details, as well as the survey [9]. 

Let a>/3>— I with a^—^ and A G C. The Jacobi function v^^"'^^ is defined by 

(2.1) 

^i-^^(x) = .F,(^,^;a + l;-sinh^.) 

= (coshx)-^--SFi(^, "~^ + ^+'^ ;a + l;tanh^x) VxGM, 

where p = a + f3 + l and 2F1 denotes the hypergeometric function. 
Its asymptotic behavior is generically given by 

(2.2) ip^^'^\x) = CaA^)^'^^'^\x) + CaA-^)^'^-f\x) VAGCxiZ, VxgM*, 
where 

_ r(2a+i) r(zA) r(^) _ r(a+i)2^-^r(zA) 
^ ^ "'^^ ^ r(a+i) r(a-/3+a) r(£±^) r(£±^)r( "-^+^+-" ) 

and 

(2.4) $f'^)(x) = (2coshx)-^+*SFi(^,^^^^^;l-a;cosh-^x). 
In the limit case A = 0, we obtain 

(2.5) <^(^"''')(a;) = ^!iil^^±ii|x|e-^l^l + 0(e-^l^l) as \x\^+oo, 

after multiplying (12. 2 p by A and applying ^|;^^q- 

The Jacobi functions satisfy the following product formula, for a> P > — | and 
x,y>0: 

(2.6) ip^^'^\x) ip^^'^\y) = j / (/pJ^'^^Vrgcosh |7(a;,?/,r,?/^)|) cim„,/3(r,?/'). 



JO JO 

where 

7(x, y, r, ^) = cosh x cosh y + sinh x sinh y re*'^, 

and 

(2.7) dma,/3(r,V^) = 2M„,^ (1 - r2)°-'^-^(r sinV^)2'^r(ir# 

with 

M r(a + l) 

"•^ 0Fr(«-/3)r(/3+i)- 
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When a = /3 > — i, the product formula becomes 

(2.8) ''^^ (x) ^^r^ (y) = M„,„ r y^i"'") (arg cosh \^{x, 1, ^) | ) (sin i;)'^ 



where Mr, a = ^=fe-^-'TT- Notice that the hmit cases a > B = and a = B > 

are connected by the quadratic transformation (f^"' ^\x) = V^2A'"''(f)- 

For a > (3 > and fixed x,y > 0, we perform the change of variables 
]0,l[x]0,7r[9 {r,ip) i — > {z,x) G ]0, +oo[ x ]0, 7r[ defined by 

{r cos lb = '^"'^ti zcosx- cosh X cosh y 
cosh.stx' ^^"'^ 
1^ sinhx sinhjy 

This implies in particular that 

cosh(x — < cosh(2;) < cosh(x+?/), 
and therefore x, z satisfy the triangular inequality 

\x—y\ < \z\ < x+y. 
Moreover, an easy computation gives 

1 — = (sinhx sinhy)"^ 5f(x, y, z, x), 

where 

(2.10) g{x, y, z,x) ■= 1 — cosh^x — cosh^y — cosh^z + 2 cosh x cosh y cosh z cos x- 

Furthermore, the measure sinh^x sinh^y r rfrd'?/' becomes cosh z sinh 2; d^; and 
therefore the measure (12. 7p becomes 

dma,i3{r,ip) = 2MQ,^_g (yf(x, 2;, x)"~^~"'^(sinhxsinh?/ sinh '^"'{smxY^Aa^isiz) dzdx, 
where 

(2.11) Ar,Az) := (sinh2)2"+i(coshz)2'3+^ 
Hence, the product formula (12. 6p reads 

r+oo 

(2.12) vt^\x) vt^\y) = ^["'^\z)W^A^,y,z)A^A^)dz, x,y > 0, 

Jo 

where 

/•TT 

Wa,i3{x,y,z) := 2Ma,/3 (sinhxsinhysinh^:)"^" / ^((x, y, z, x)+"'^~^(sin x)^'' rfx 

^0 

if x,y, z > satisfy \x — y\<z<x + y and Wa,i3{x, y,z) = otherwise. Here 



9^ 



9 if ^>0, 
if g <0. 
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We point out that the function Wa,^{x,y, z) is nonnegative, symmetric in the 
variables x,y,z and that 

+00 

Wa,i:i{x, y, z) Aa,p{z) dz = 1. 

Furthermore, in ^ Formula (4.19)] the authors express Wa,i3 as follows in terms 
of the hypergeometric function 2F1 : For every x,y,z > satisfying the triangular 
inequality \x — y\ < z < x + y, 

Wa,i3{x, y, z) = Ma,a (cosh X cosh y cosh z)"~^~^ (sinh x sinh y sinh z)"^" 
(2.13) X (l-52)"-i2Fi(^a + /3,a-/3;a+ ^ 



where 



Notice that 



B 



T 2 

cosh^x + cosh^i/ + cosh^z — 1 



1 ±5 



2 cosh X cosh y cosh z 

cosh(x + ?/) ± coshz] [coshz ± cosh(x — y) 
2 cosh X cosh y cosh z 



hence 



(2 14) 1 [cosh2(a; + y) — cosh22;] [cosh22; — cosh2(x — I/) ] 

16 cosh^x cosh^y cosh^2; 
sinh(x+?/+z) sinh(— X+1/ + 2;) sinh(x— y + z) sinh(x+?/ — 2;) 
4 cosh^x cosh^y cosh^^; 

In the case a = /3 > — we use instead the change of variables 

cosh 2; = |7(x, 1, ?/)) I = I cosh x cosh y + sinh x sinh y e*^ | , 

and we obtain the same product formula f l2.12p . where Wa^a is given by 

W^,„(x,?/,z) = 2^"+^M„,„ [sinh 2x sinh 2?/ sinh 2z]^^" 
(2.15) ' ' 

X [sinh(x+?/+2) sinh(— x+y + z) sinh(x — y + 2;) sinh(x+|/ — z)] 

In the case a > /3 = — |, we use the quadratic transformation 

^l"'-^^(2x)=^(r)(x), 

and we obtain again the product formula fl2.12p . with 

W^.,-i(^,y,^)=2-^"W^a,„(|,|,^). 

As noticed by Koornwinder ^ (see also [5]), the product formulas f l2.6p and 
fl2.12p are closely connected with the addition formula for the Jacobi functions, 
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that we recall now for later use : 

Vjf ''^^ (arg cosh \'y{x, y, r,ilj)\) 

where 

= (2sinhx)-^(2coshx)^-Vr'="^''^"'=-^^(a:) 

are modified Jacobi functions, the functions 

= -'=-'l^Pr''"''''"'-'\2r^-l) J^f:;Pi''_7'"-'(co=V') 
which are expressed in terms of Jacobi polynomials (see for instance [1]) 

(2.17) Ft'\z) = 2Fi(-n, a+b+n + 1; a + 1; ^) , 
are orthogonal with respect to the measure (12.71) . and 

(2.18) ^Jo Jo ' 

^ (a+fc+£) (/3+2fc-2£) (2/3+l)fc_^ 



3. Product formula for 



- r wnm uijrt rwn 

For 2; G M and x £ [0, tt], let 

{coshz cosh 1/ — cosh 2 cosx j£ ^ / Q 
sinhx sinhj/ " ' ' 

if = . 

Furthermore, if a > /3 > — let us define /Cq,^^ by 

/•TT 

)Ca,fi{x, y, z) = Ma,p I sinh x sinh y sinh 2; | / ^((x, z, x)T^~^ 

Jo 



X 



1 - '^x,y,z + (^x,z,y + ^ly,x + coth X coth y coth 2: (sin xf 



X (sinx)^'^rfx 

if x,y,z G M* satisfy the triangular inequality ||a;| — \y\\ < \z\ < \x\ + \y\, and 
^a,i3{.x, y, z) = otherwise. Here g{x, y, z, x) is as in (12.101) . 

Remark 3.1. The following symmetry properties are easy to check: 

K^aA^^ ^) = ^aA-^^ y^ -^)' 

/Cq,/3(x, y, z) = ICa,/5{x, -z, -y). 

Recall the Opdam functions G^"'''^ defined in (11.21) . This section is devoted to 
the proof of our main result, that we state first in the case a>/3>— |. 
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Theorem 3.2. Assume a > /3 > Then G^'^'^'' satisfies the following product 
formula 

/ + 00 
■oo 

for X, ?/ G M and A G C. Here 

{ICa,i3ix,y, z) Aa,i3i\z\) dz zf xy ^ 
d5,{z) zf y = 

d5y{z) if X = 

and is as in fl2.1ip . 
Let us split the Opdam function 



into its even part 



and odd part 



p(a,/3) _ p(a,/3) p(Q,/3) 



Gir'(-)=vr(-) 



For X,?/ G M*, the product formula (12.121) for the Jacobi functions yields 

r\x\+\y\ 

GiTi^) Gtf\y) = / G^^f\z)W^M,\ylz)A^A^)dz 

= \j Gt'\z)w^A\AAy\M)A^,p{\z\)dz, 

where 

(3.3) := [-\x\~\y\, -||a:|-|y||] U [\\x\-\y\\, \x\ + \y\] . 

Next let us turn to the mixed products. The following statement amounts to 
Lemma 2.3 in [2]. 

Lemma 3.3. For a;>/3>— |, AgC and x^yEM.*, we have 
Gxf G^f (y) = Ma,^ I G^^'^^ {z) I sinh x sinh y sinh z \ 

9{x, y, z, x)T'^~^ (^x,z,v (sin xY^ ^^xj ^a,/3(kl) dz , 



where g{x,y, z,x) is given by fl2.10p . cr^^y by (13.1 p and I^^y by (13. 3p . 
We consider now purely odd products, which is the most difficult case. 
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Lemma 3.4. For a> f3> AgC and x,?/GM*, we have 
^xf (a;) G^";''^ (y) = M^^p j G^"'^^ {z) \ sinh x sinh y sinh z\~^" 

9{x,y,z,x)T'^'^ -^x,y,z - ■^^^^cothxcoth?/cothz(smx)^ 

X (smx)^^rfx}^a,/3(k|)rfz. 

Proof. For x,y>0, we have 

(3.4) =l^^f\x,y)+X^^f\x,y), 
where 

^^ft'^^l^^'l/) '■= - iQ(^(y^iy sinh2x sinh 2?/ !f^^^^'^^^\x) <f''x^^'^^^\y), 

and 

(3.5) X<:^'^)(x,,) := sinh2x sinh2y ^^^'^-^^^(x) ^^^'^^^^(y). 
Consider first ■ We deduce from the addition formula (12.161) that 

-1 /.TT 

</'l"'''^(argcosh |7(x, y, r, V^)|) xf(f ^) dm^^p{r, ip) = (p'-^foix) ^'li^i-y), 




Jo 



where Xifl i^yi^) = rcosip and ^P±xiq{x) = ■^^smh.2xip^~^^ (x). Hence 

/»1 /"TT 

(3.6) I^^f\x,y) = / v'^"'''^(argcosh|7(x, ?/,r, ?/^)|) rcos?/'cima,;3(r, ?/^). 

By performing the change of variables (12.91) and arguing as in Section [21 (13. 6 p 
becomes 

. x+y 



l["f^ {x,y) = -2M^p f ^ G^"f {z) (sinh x sinh y sinh z)-^'^ 

J\x-y\ 

(^x,y,z 9{x, y, z, x)T^'^ (sin xf^ dx^ ^aA^) dz. 



By using the symmetries 

9{x,y,z,x) = 9{\x\, \y\, \z\,x) , 
^\!f\x^y) = s^ST^{xy)I^^f\\x\,\y\) 
<yly,z = sign(a;y)a^^|^|^|_|,|, 
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we conclude, for all x,yEM*, that 

X'f'f\x,y) = — Ma^i3 J G^^''^\z) I sinhx sinhy sinh^; | 



^y,z 9{x,y,z,x)l ^ \sm x)^'^ dx\ Aa,,,3i\z\) dz. 



Consider next l-'^x'f^ ■ using this time the product formula f l2.12p for ^9^"^^'^^^-' , 
we obtain, for x,?/>0, 

^x^f \^^y) = 4 (^^1^2 sinh 2x sinh 2?/ 

px+y 

X / (y9^"'*'^''^'^^'*(z)(sinhxsinh?/sinhz)~^"~^ 

J\x-y\ 

X gix,y,z,x)T^'\^^'^xf^'^^dx^Aa+i,i3+iiz)dz 
= 2M^^p / g5;^^^^(z) (sinhxsinhi/sinh;^)-^"-^ 

J\x-y\ P~'^2 



X cothxcothycoth.jy^ <,(..,...x)r'-'(sinxf«</x|^„,.(.)rf.. 

By arguing again by evenness and oddness, we deduce, for all x,y&M.*, 
X'f'f\x,y) = Mfy ft / gI^'^^Vz;) I sinhx sinhy sinh^; I 

This concludes the proof of Lemma 13.41 and hence the proof of Theorem 13.21 □ 
Next we turn our attention to the case a = (i > For x,y,z & M, let 

{ cosh 2x cosh 2y — cosh 2z ^ / g 

sinh2z sinh2j/ " ' ' 

it xy = . 

Moreover, we define the kernel }Ca,a by 
/C„,„(a;,i/,z) = 24-+2^„,„e^+^-^ 

\smh(x+y + z) smh.(—x+y+z) sinhix — y+z) smh(x+y — z)]°' ^^'^ 

X 2^ 

I sinh 2x sinh 2y sinh 2z | 

, , smh.{x+y + z) sinh(— x+y + z) sinh(x — 
(3.8) X 



sinh 2 X sinh 2 y sinh 2 2; 

if ||x| — \y\\ < \z\ < \x\ + \y\, and ]Ca^a{x,y, z) = otherwise. The symmetry 
properties of ICa^p (see Remark [3. ip remain true for JCa^a- 
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Theorem 3.5. In the case a = /3 > — |, the product formula reads 

/ + 00 
■oo 

for X, ?/ G M and A G C. Here 

{\z\)dz if xyy^O, 
d5,{z) ify = o, 

d6y{z) if X = . 

Proof. The even product formula 

G^"f\x)G^^f\y) = l j Gt''\z)W^A\AAy\M)A^,^{\z\)dz 

and the mixed product formulae 

G^^f\x)G^^^f{y) = l j Gt''\z)a^,y,.W^A\AAy\AA)AU\A)dz. 

Gt:\^)Gtf{y) = \ j Gt''\z)a.,.,yW^A\AAy\AA)A..A\A)dz 



are obtained as in the case a> (3. Here Wa,a is given by (12.151) . I^^y by f l3.3p and 
(^x,z,y by (13. 7p . As far as they are concerned, odd products are splitted up as in 

g[T^ (^) Gfr ^ (y) = liT (^^y)+ ^iT y) ■ 

The first expression X^"'"^ is handled as ^^{^^ in the case a > p. We perform 
this time the change of variables ]0,7r[3 ip i — > z g]0,+oo[ defined by cosh^; = 
|7(x, y, 1, and we obtain this way 

/•TT 

l[''f\x,y) = -Ma,,a / Gj*^"Vrgcosh|7(x,?/, cos (sin^)^" d^/; 

Jo 

l^-y\ 



px+y 

/ G''^f\z) a^^^y^z Wa,a{x, y, z) Aa,a{z) dz , 

J\x-v\ 



hence 



^x!i"\^^y) = - \ I G''"'"'\z)a^^y^,Wa,a{\x\Ay\AA)^a,a{\A)dz^ 



first for x,y > and next for x,y ^M.*. According to the product formula for 
^(a+i,a+i)^ the second expression 1^2°'^ becomes 



2(a + l) 



\^-y\ 



sinh 2x sinh 2?/ 
X ^.^^ PVa+i,Q+i (a;, ^) (2) dz 
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for all X, ?/ > . By using 



a + 1/2 

sinh(x+u + 2;) sinh(— + sinhfx — w+z) sinhfx+w — 2;) , , 

X 2 2 2 yVa,a\x, y, z) 

sinh 2x sinh 2y sinh 2z 



sinh^22; 



and 

we obtain 



Xij\x,y) = 2[ G^r\^ 



X 



A 

sinli(a;+?/ + 2;) sinh(— sinh(x— y + z) smh.{x+y — z) 



sinh 2a; sinh 2?/ sinh 2z 

X W^a.adxl, |?/|, \z\) Ac,^a{\z\) dz , 

first for x, ?/ > and next for x, ?/ G M*. We conclude the proof of Theorem 13.51 by 
summing all partial product formulas and by using the remarkable identity 

smh.{x+y + z) smh(—x+y + z) sinh(x — cosh.{x+y — z) 



4 



sinh 2x sinh 2y sinh 2z 

□ 



Consider next the rational limit of the product formula (13.91) . It is well known 
that the hypergeometric function 2Fi{a,b; c; z) tends to the confluent hypergeo- 
metric limit function oFi(c; Z) as a, 6—7-00 and 2;— J-O in such a way that abz^Z. 
Consequently, as e— t-O, 

V'A/f^(^^) = + + + -(sinhex) 

tends to the normalized Bessel function 

+00 



j„(Ax) = oF,(a + l; -(^)^) = r(a + l) , /'^^"^^ ^ 

\ 2 / ^-^^ ml L (a + l+m) ^ 2 



m=0 

hence 

Ga/. (^a;) = (^^/^ ^(ex) + ^^^^^^ smh(2£x) (^\/^ ^(ex) 

tends to 

E^(iA,x) = ja(Ax) + — — — j„+i(Ax). 

2 
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The latter expression is the so-called Dunkl kernel in dimension 1, whose product 
formula was obtained in 



(3.11) Ea{iX,x)Ea{iX,y) = / Ea{iX, z) ka{x,y, z) \z\'^°'^^ dz , 

Jr 

where 

ka{x, y, z) = 2 y/7iT{a+l /2) ^ ^ ~ '^^'V^^ ~^ ''Z,y,x + ^x,z,y ] 

[ (x+y+z) (—x + y + z) (x — y+z) (x+y — z) ] 

X ; 



xy z 



2a 



with 
hence 

K{x,y,z) = 2 
(3.12) X ^ 



x,y,z 



2xy 

if X y = - 



^ +^ if xy^O^ 



-2a-l 



r(a + l) [{x+y + z){—x+y+z){x — y+z){x+y — z)]°' 2 



7rr(« + l/2) 
x+y+z){—x+y+z){x—y+z) 



xyz 

Here is an immediate consequence of fl3.8p and fl3.12p . 
Lemma 3.6. For every a>— | and x,y, z eM.* , we have 

lim e^""*"^ /Ca,a(^a;, ey, £2;) = ka{x,y,z). 



We deduce the following result, which was announced in the abstract and in the 
introduction. 

Corollary 3.7. The product formula (13. lip is the rational limit of the product 
formula (13. 9p . More precisely, (13. lip is obtained by replacing A by X/e and {x,y) 
by {ex,ey) in (I3.9p . and by letting e — )• 0. 

Theorem 3.8. Let x,y eR. 

(i) For a>/3>— I with «>— |, we have snpp jj'^x'y^ dx,y 

(ii) For a>/3>—^ with a>—^, we have jj^x,y\R) = 1- 

(iii) For a> /3> we have \\fJ.^x,y^\\ < 4 + 



(.,^)„^^ , r(a + i)r(/3 + i) 

„ ...... ,^x,y II <4+^^^^i^^^^^^^ 



(iv) For a = /3> we have \\ Hx^y^^ \\ < |. 
Proof, (i) is obvious. 



(ii) This claim follows from Theorems 3.2 and 3.5 and the fact that G[p'^^ = 1. 
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(iii) From the proof of Theorem 3.2, we may rewrite the product formula for G^"'''^ 
as follows: 

'J Ix.y 

where T^xf^ given by (13. Sp and 

/Ca,/g y^z) '•= Ma^j3 I sinh x sinh y sinh z | 

Jo 

By [21 Proposition 2.7], we have 

\K:a,(3{x,y,z)\Aa,f}{\z\)dz <4. 



On the other hand, using the product formula (12. 6p for the Jacobi functions, we 

-\,2 



may rewrite X^'^g^'' as follows : 



T^>:f{x,y) = sinh 2. sinh2,^r^'^-^)(x)^r^''^-^)(,) 



8(a + l)2 



sinh 2x sinh 2y / / ip^"'^^'^~^^\a:Tg cosh {jIx, y, r, drria+i^is+iirjip) 



^0 



p . • T.O f' r G["f\^T^&cosh\-f{x,y,r,ij)\) 

smh2xsmh2?// / — ^ ^ dma+i,i3+i{r,ip), 



4(a + l) 7oio |7(a;,l/,r,V)IVl7(a;,2/,^V')P- 1 

where 'y{x,y,r,ip) = cosh x cosh ?/ + sinh x sinh yre*'^. In order to conclude, it re- 
mains for us to prove the following inequality 



4(a+l) Jo Jo \',(x,y,r,i,)\^\',(x,y,r,i,)\^-l " r(o+l) r(/3 + l) 

By expressing \'y{x,y,r,ip)\ and dnia+i^/s+i, the left hand side becomes 

^ sinh 2x sinh 2t/ ^ ^ j"^) 



4(a + l) io io |7(a;, r, tp) \ ^/\-f{x, y,r,ij)\^ -1 

p 2r(a+2) '•^ '•^ 



3^ sinh2x sinh2|/ / / {l-r^)''-'^-\r smipY^^'^ 



X 



4(a+l)0Fr(a-/3)r(/3+2; ^o^o 

1 

(cosh x cosh y+r cos sinh a; sinh y ) ^ + (r sin sinh x sinh y) ^ 



y (cosh X cosh y+r cos ip sinh x sinh ?/) ^ + (r sin ip sinh x sinh y^ — l 



{l-r^Y-^-\r sinV^) 



0Fr(a-/3)r(/3+|) io 7o V[/+cos^VV^+cos^ 
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where 

^ cosh^x cosh^?/ + sinh^x smh^y 
2r cosh X cosh y sinh x sinh ?/ ' 

and 

^ cosh^x cosh^?/ + sinh^x sinh^y — 1 
2r cosh X cosh y sinh x sinh ?/ 

Since 

(cosh X cosh y — r sinh x sinh y)^ — 1 

f/ - 1 > \/ - 1 = ^ ; ^ > 0, 

2r cosh X cosh y smh x smh y 

we can estimate 

P . , u • 1, u r c?ma+i,/3+i(r,V') 
smh X cosh x smh y cosh y ' ' 



a + l Jo Jo |7(x, y, r, ip) \\/\'y{x, y,r,ip)\'^ -I 

< /^r(l-"m/3 + ^ /7V-0"~^-^(rsinV^)^'^+^(l + cos^)-drd^ 



^0 



p r(a+i) r(/3+i) ^ r(a+i) r(/3+i) 



2 r(«+|) r(/3+i) - r(a+i) r(/3+i) ' 

using classical formulas for the Beta and Gamma functions. 

(iv) is proved in a similar way, using the product formula (12 .Sp for y'^"'"^ instead 
of ([2SD. □ 

Remark 3.9. The measure iJ,^x,'y'^ is not positive, for any a>/3>— | and x,y>0. 
More precisely, let us show that )Ca,i3{x,y, z) < if —x — y < z < —\x — y\, while 
^a,i3{x,y, z) > if \x — y\ < z < x+y. In the limit case a = f3, our claim follows 
immediately from the expression (13. 8p . Thus we may restrict to the case a> (3. 
Assume first that —x — y < z < —\x — y\ and let us split up 

ICa,p{x,y,z) = M^,^(sinhx sinhy sinh(-2;))"^" ;cj,^]j(x, y, + IC^f^^^ix^y, z) , 

where 

Jo 

and 

On one hand, cothx cothy cothz < —1 and 

(3.13) /%(x, y, -z, x)T^~' (sin xf^^' dx > , 

Jo 

as the change of variables (12. 9p holds for x in an interval starting at 0, where 
g{x, y, —z, x) = sinh^x sinh^y (1 — r^) > . 
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Hence /C)^ ^(x, z) < 0. On the other hand, as 

Q^{x, y,z) = l- aly^^ + al^y + al^^^ 

= — ^ — ^T- \ sinh X sinh y sinh z + sinh x cosh y cosh z 

Sinn a; sinh y Sinn 2 L a ' u 

+ cosh X sinh y cosh z — cosh x cosh y sinh z 
+ ^( - sinh 2x - sinh 2?/ + sinh 2z) ] 

zs a decreasing function of x, have 
Q^{x,y,z) < g^{x,y,z) 

= ■ , -1 ■ , sinh sinh sinh cosh 

smn a; smn J/ Sinn 2 i i 2 2 

< 0. 

Hence lC-^'p{x,y,z) < 0. VF/ien — ?/| < z < x + y , the positivity of ]Ca,i3{x,y, z) 
is proved along the same lines. If sinh 2z < sinh 2x + sinh 2y, we have now 

g^{x,y,z) > g°{x,y,z) > 

while, if sinh2z > sinh 2a; + sinh2y, 



g^{x,y,z) > g''{x,y,z 

sin 

> 0. 



. , .\ . , cosh 2^ cosh cosh 2^ sinh 

smn X Sinn y smn 2 2 2 2 2 



4. Generalized translations and convolution product 

Let us denote by Cc(M) the space of continuous functions on M with compact 
support. 

Let a > P > with a > — |. The Opdam-Cherednik transform is the Fourier 
transform in the trigonometric Dunkl setting. It is defined for /G Cc(]R) by 

(4.1) -^(/)(A)= / fix)G^^^^\-x)A^,^i\x\)dx VAgC 

Jr 

and the inverse transform writes 

p \ d\ 



Jg{x)= [ g{X)G[-'^\x) (l- 



iXJ StT |Ca,/3(A)p 



Here Aa,i3 and Ca,i3 are given by (12. lip and (12. 3p . See [Hj for more details. 
The Fourier transform J-" can be expressed in terms of the Jacobi transform 



(4.2) J'aAm) = I f{x)^^^'^\x)A^Ax)dx. 

More precisely: 



+ 00 
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Lemma 4.1. For A G C and f G Cc(M), we have 

^(/)(A) = 2 J-,,^(/e)(A) + 2(p+zA) J-,,;3(J/o)(A) 
where /e (resp. fo) denotes the even (resp. odd) part of f , and 



Jfoix) := / foit)dt. 
Proof. Write / = /e + /o • Firstly, if A = —ip , then 

•^(/)(A)= [ f{x)A^A\^\)dx = 2J^^,^{f,){zp). 



Secondly, if At^— ip, we have 

p — tA Jq ox 



^(/)(A) =2J-,,;3(/c)(A) + / fo{x)—ipt^\x)A^,p{x)dx. 



Recall the Jacobi operator 



A 



a,/3 



1 d 

Aa^p{x) dx 



d 



dx"^ 



= — + (2a + l)cothx + (2/3 + 1) tanhx 



d_ 

dx 



By integration by parts, we obtain 



fo{x) —ip'-"''^\x) Aa,i3{x) dx 







+ 00 



dx 



d 



d 



^aA^) 

2 I \2 



AaAx) dx 



= -Ta,p{A^,pJfo){X) = {p'+X')Ta,p{Jfo){X). 

□ 

The following Plancherel formula was proved by Opdam [TTl Theorem 9.13(3)] : 

dX 



\fix)\'A^M)dx= (|-F(/)(A)p+ W)(A)n- 

' 167r \CaA^)\ 



I ^(/)(A)^(/)(-A)(l- 



p dX 



iX Svr |ca^/3(A)|" 



where f{x) := f{—x). The following result is obtained by specializing |15i Theorem 
4.1]. 

Theorem 4.2. The Opdam- Cherednik transform T and its inverse J are topo- 
logical isomorphisms between the Schwartz space Sa,i3{^) = (cosha;)^''5(M) and 
the Schwartz space 5(M). Recall that p = Q; + /3 + l. 

Let us denote by Cb(M.) the space of bounded continuous functions on R. 
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Definition 4.3. Let xeR and let f G CbiM.). For a>f3>-^ with ai--\, 
define the generalized translation operator t'^x'^^ by 



we 



x,y V^/ 5 



where d^^^-f^ is given by (13.21) for a>P, and by fl3.10p for a = (3. 

The following properties are clear. However for completeness we will sketch their 
proof. 

Proposition 4.4. Let a>(3>—^ with a^ — ^, x, y gM. and f E Cb( 



Then 



(i) rt^^ 

(ii) = /. 



/(?/) = 4"''V(x). 



(a,/3)_(Q,/3) 



y 



T 



y 



If we suppose also that f belongs to Cc(M), then 

(v) T{rt'^f){X) = Gt''\x)T{f){X). 

(vi) T(°'^)ri"'^) = ri"'^)T("'«. 

Proof, (i) follows from the property ICa,i3{x, y, z) = ]Ca,i3{y, x, z). 

(ii) follows from the fact that /Cq,,/3(0, z) = 5y{z). 

(iii) follows from the fact that the function 

H{xi,yi,X2,y2) ■= / ICa,i3{xuyi, z) lCaAx2,y2, z) Aa,i3{\z\) dz 
Jr 

is symmetric in the four variables. 

(iv) follows from the product formula for G^"''^''. 

(v) For / e Cc(M), we have 

.F(r^'^)/)(A) = / ri-'^^f{y)G[-''\-y)A^M)dy 

f{z) ICa^x, y, z) AaA\z\) dz '^^(-y) Aa,A\y\) dy 



G 



(",/3), 



-y) }Ca,^{x, y, z) Ac,A\y\) dy Ao,A\z\) dz . 



Since ICa^x, y, z) = JCa^pix, —z, —y), it follows from the product formula that 
^(ri"'«/)(A) = G^^)(x) / f{z)G[-^'\-z)A^A\^\)dz 



= G^^)(x)^(/)(A). 

(vi) This property follows from the injectivity of J-" and the fact that rl"'^''(T*^°'^)/) 
and T^^'^^rt^^f) have the same Fourier transform, namely 

A^aG^^Hx)^(/)(A). 
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□ 

Remark 4.5. Generalized translations in the Dunkl setting were first introduced 
by Trimeche, using transmutation operators. This approach is resumed in [10] , 
which deals with a generalization of Dunkl analysis in dimension 1. 

Lemma 4.6. Let 1 < p < oo, f E Lp(R, A^Al^Ddz) and x eR. Then 

(4.3) l|r^^Vl|p<C.,, 11/11,, 

where 



(4.4) C„„ 



4 r(a+iir(^ n 1 

^ ^ r(Q+i) r(/3+i) V « ^ P ^ 2 ' 

I if a = (3 > . 



Proof. The inequality (14. 3p follows from Theorem 13.81 More precisely, the cases 
p = 1 and p = oo are elementary, while the intermediate case 1 < p < oo is 
obtained by interpolation or by using Holder's inequality, as follows : 

\Ti-'^^fX<( [ \)C^A^,y,z)\A^,p{\z\)dz^'"' 




X / / \}CaAx,y,z)\\f{z)\PA^A\z\)A^M)d^dy 



□ 



Definition 4.7. The convolution product of suitable functions f and g is defined 
by 

{f*a,p9){x)= [ Ti-'^^f{-y)g{y)A^A\y\)dy. 



Remark 4.8. It is clear that this convolution product is both commutative and 
associative: 

(i) / g = 9 *a,^ /. 

(ii) (/ *a,l3 g) h = f {g h). 

For every a > 0, let us denote by Pa(I^) the space of smooth functions on M 
which are supported in [—a, a] . 

Proposition 4.9. Let f eVaiR) and geVb{R). Then f *a,p9 e T^a+hi^) and 

J'if *a,^ g){X) = J'iDiX) J'{g){X) . 
Proof. By definition we have 

J'if g){X) = [ [ ri^'^^f{-y)g{y)G'^^'^\-x)A^M)A^A\y\)dxdy. 
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Using the product formula for G^"''''' and Remark 3.1, we deduce that 

W*a,/.^7)(A)= / f{z) [ g{y) f G[^'^\-x))C^,p{-z,-y,-x) 
Jr Jr Jr 

X Aa,f3i\y\) Aa^^{\z\) dxdydz 

= [ fiz)G^^^^\-z)A^M)dz [ giy)G[^'^\-y)A^M)dy 
Jr Jr 

= J-(/)(A)^(^)(A). 

□ 

By standard arguments, the following statement follows from Lemma 4.5. 

Proposition 4.10. Assume that 1 < p,q,r < oo satisfy ^ + ^ — 1 = ^. Then, 
for every f E Lp{R, Aa,i3{\x\)dx) and g E L'^{R, Aa,i3{\x\)dx) , we have f *a,i3 g G 
U'{R,Aa^l3{\x\)dx), and 

\\f*a,l3g\\r < Ca,f3\\f\\p\\g\\g, 

where Ca^p is as in (14. 4p . 

5. The Kunze-Stein phenomenon 

This remarkable phenomenon was first observed by Kunze and Stein [7] for the 
group G = SL{2,'R) equipped with its Haar measure. They proved that 

LP{G) * L\G) C L\G) Vl<p<2. 

By such an inclusion, we mean the existence of a constant Gp> such that the 
following inequality holds : 

II / * ^? II2 < G, WfW, \\gh V /GL^(G), \/geL\G). 

This result was generalized by Cowling to all connected noncompact semisimple 
Lie groups with finite center. We prove the following analog in our setting (we 
understand that Trimeche has recently extended this result to higher dimensions). 

Theorem 5.1. Let 1 < p < 2 < q < 00. Then 

(5.1) LP(M, A^,pi\x\)dx) L2(M, A^,p{\x\)dx) C ^^(M, A^^p{\x\)dx) 
and 

(5.2) L2(M, A^^p{\x\)dx) L\R, A^^p{\x\)dx) C /."(M, A^^p{\x\)dx) . 
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Proof, (i) Let f,gECc(M.). Then, by the Plancherel formula, we have 

\if *a,p g)\^ix) Aa,l3i\x\)dx 



\Hf*a,p9)W\' 



dX 



< sup \Tiwg){X)\' 

\eR,we{±i} 

sup |J^(W-^)(A)|^|J 



167r|c(A)|2 



Jr+ 



dX 



dX 



167r|c(A)|' 



+ 



167r|c(A)|2 
l-^(/)(A)r 



dX 



167r|c(A)|2 J 



Here we have used the fact that *a,i3 9)"= J^{f) J^{g) ■ Next, if 1 <p<2 and 
2 < g < 00 are dual indices, we estimate 

mw-g){X)\< [ \g{wx)\\G["^^\-x)\A^,pi\x\)dx 



S ||5'l|p IIW I 



using Holder's inequality. We conclude by using Lemma [5.21 below, which implies 
that IIG^^'^'^llg is bounded uniformly in AgM. 

(ii) Let /, (7, A; gCc(M). Using the Cauchy-Schwartz inequality and (15. ip . we get 



(/ *a,/3 g){x) k{x) Aa^ii{\x\) dx 



< C\\g\\2 \\f*k 



<C,\\fh\\gh\\k\\p 



Hence \\ f *a,i3 9 \\q < CgWfyWgh ■ □ 

Lemma 5.2. (i) The function G'^q'^^ is stricly positive and is bounded above by 

C{l+x)e-f"' if x>0, 
Ce''^ tf x<0. 

(ii) For every A G M and x G M , we have 



G 



x)\ <G^o'^\x) 



Proof. These estimates are proved in full generality in [15] (see Lemma 3.1, Propo- 
sition 3.1. a and Theorem 3.2). For the reader's convenience, we include a proof in 
dimension 1. 

(i) Firstly, by specializing (12. ip and (II. 2p for A = 0, we obtain 



(5.3) 
and 

(5.4) 



a 



+ 1; tanh^x) (cosh 



X 



Gf'\x)=^t'\^) + 



a + l 



sinh X cosh x ip 



' 



x) . 
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It is clear that (15. 3 p is stricly positive, hence fl5.4p when x > 0. By looking more 
carefully at their expansions, we observe that the expression 



= 2Fi(f,^^;a + l;tanh\) = V^" 
is stricly larger than the expression 



(tanhx 



,2n 



E 



Y'2Fi(f + l 



' 2 ' 



+ 2; tanh^x) 



(tanh X 



,2n 



^n=o (a + l)„+ira! 
Hence 

G^o"'^^(x) = (coshs)"'' + tanhx^2(a;)} > (coshx)"^ {^i(a;) - ^2(3^)} 
is strictly positive on M. Secondly, by combining (15 ■4p with (I2.5p . we obtain 



G 



X] 



r(f)r(^) 



X 



e-p^ + C(e~''^) as x^+00 



and 



G[,"'^^(a;) = 0(e^") as a; ^-00 

which yields the announced upper bounds, 
(ii) Consider the quotient 

Qr'(.) 

By using the equation (II. ip for G^"'^^ and Gq"'^'', we obtain 



g(-«(x) 



cothx + (2/3 + 1) coth2x + p} ^ 



(x) 

g(-«{-x) 



(q,/3) 



{Q 



(",/9)/ 



(^)} 



Hence 



X 



X 



2 Re 



dx 



(x)Q 



X 



2 {(a-/3) cothx + (2/3 + 1) coth2x + p} 



i-x) 



(x) 



Q^«(x)|^ 



Re 



Q 



(«,/3)/ 
A I 



-x)Q 



X 



and 



9a: 



IQ 



'-x)\ = -2{(a-/3)cothx + (2/3 + l)coth2x-p} ^ 



(«,/9) 



{x) 



i-x) 



X 



Re 



-x) 
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Thus, for every x>0, we have 

i\Q^x'^\xf < - 2 cothx + (2/3 + 1) coth2x + p} SSttT 

(5.5) X |Q^^)(x)| {\Q^t'\^)\-\Q^x''\-^)\} 

< 

if |Q^^^(x)| > \Q^x'^\-x)\ and 



|:|Qf'^^(-x)P <-2{(a-/3)cotha; + (2/3 + l)coth2x-p}-^ 



(5.6) X \Qt'\-^)\ {\Qt'\-^)\-\Qt'\^) 



< 

if \Q''"''^\-x)\ > |Q5f''^^(s)|. As real analytic functions of x, | Q^^'^^^a;) ^ and 

\Q^^'^\—x)\'^ coincide either everywhere or on a discrete subset of M with no 

accumulation point. In the first case, \Q^x''^\x)\'^ = \Q^^''^\—x)\'^ is a decreasing 
function of x on [0, +oo), according to (15. 5 p or (15. 6p . In the second case, consider 
the continuous and piecewise different iable function 

M{x) = max{ |Q(;,"''')(a;)|', \Cl^t^\-x)\'' } 
on [0,+oo). Firstly, if \Q^"'^\x)\ > \ Q^;^'^\-x)\ , then 

iM(x) = f |Q(r)(x)r<0, 
according to (15.51) . Secondly, if | q1^"''^^(x) | < | q1^"'^'*(— a;) | , then 

^M(x) = ^iQr^(-x)r<o, 

according to (15.61) . Thirdly, if |q1[*'^''(x)| = | Qa°''^^(~2;) | for some x>0, then M 
has left and right derivatives at x, which are nonpositive, according to (15. 5p and 
(15. 6p . Thus M is a decreasing function on [0, +oo). In all cases, we conclude in 
particular that, for every xGM, 

\Qt''\x)\ < |Qlr'''^(0)| = 1 i.e. \g["'^\x)\ < G^'')' 



ro [X) 



□ 



The following results are deduced by interpolation and duality from Theorem 
15.11 and Proposition 14. lUl 

Corollary 5.3. (i) Let l<p<q<2. Then 

LP{R,Aa^ls{\x\)dx) L'^(M,Ao,,^{\x\)dx) C U{R, A^^p{\x\)dx) . 
(ii) Let l<p<2 and p<q<^^. Then 

LPiR,A^,fsi\x\)dx) *a,(s LPiR,A^,^{\x\)dx) C L^iR^A^^fsilxDdx). 
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(iii) Let 2<p,q<oo such that ^<p<q. Then 

6. A SPECIAL ORTHOGONAL SYSTEM 

In this section we construct an orthogonal basis of L'^i^, Aa^i3{\x\)dx) and we 
compute its Opdam-Cherednik transform. As hmits, we recover the Hermite func- 
tions constructed by Rosenblum 



Proposition 6.1. Let a>(3>—\ with a>— |. For any fixed 5>0, consider the 
sequence of functions 



(6.1) 



H2^„(x) = (coshx)-"-^-^-2p^'^)(l-2tanh2 
YLi^^^^x) = (cosha;)-"-/^-'^-2pl"+^'^"^)(l-2tanh\) tanh 



X], 

X, 



whose definition involves the Jacobi polynomials fl2.17p . Then {H^}„gN is an 
orthogonal basis of L'^{'R, Aa,i3{\x\)dx) . 

Proof. To begin with, let us prove the orthogonality of {H^}„gp} in L^(]R, Aa,i3{\x\)dx). 
Firstly, by oddness 



iiLi^)Ka+lix)AaM)dx = 0. 

JM. 

Secondly, we obtain 

}iLi^)YLl{x)A^M)dx 

= 2 r Pt'\l - 2y') Pl^^'\l - 2y') y"^+' {1-yy dy 
Jo 

= 2'"^^-^ J Fl^'^\z)Fl^^^\z){l-z)''{l + zfdz 

_ T{a + n + l)T{6+n + l) 

~ {a + S+2n + l) n\T{a + 5+n + l) 

by performing the changes of variables y = tanhx, z = 1 — and by using the 
orthogonality of Jacobi polynomials (see for instance pQ) : 



£y::^'\z)F^:^'\z)ii-zrii+zYdz 

^ T{a+n+l)T{6+n+l) 

{a + S+2n+l) n\ T{a + 5+n+l) 
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Thirdly, by the same arguments 

HL+i(a;) H2„+i(a;) dx 

io 



^ r{a+n + 2)r{6+n) 

~ {a + 6+2n + l) n\T{a + 6+n + l) 

Let us turn to the completeness of {H^}„gN in L'^iM, Aa,i3{\x\)dx) . Recall (see 
for instance [I]) that the Jacobi polynomials {Pi"''^''}nGN span a dense subspace 
of L'^{] — 1,1[, {1 — z)°'{l + zY dz) . By the above changes of variables, we deduce 
that {H2„}„gN and {Hg^+ilneN span dense subspaces of L'^{]S., Aa,i3{\x\)dx)e and 
L^(R, Aa,i3{\x\)dx)o respectively. □ 

Remark 6.2. In fl6.ip . let us replace 6 by e""^, x by ex and let e\0. As 

(cosh ex) — > 

and 

p(a,6+£-2)^^_2tanh2ex) = 2Fi(-n, a + 6 + £"2 + ^ + 1- a + 1; tanh^ex) 

tends to the Laguerre polynomial 

L:^(^') = ^iFi(-n;a + l;x2), 

we recover in the limit the even and odd Hermite functions constructed by Rosen- 
blum [m Definition 3.4] in the rational Dunkl setting: 



HLli(^x)-^ e-^L-+i( 



X I X . 



Theorem 6.3. The Opdam-Cherednik transform of {H^}nm is given by 
(6.2) 



™. ,,,, (-1)" r(a+i)r(^)r(^; 



n\ r(^i±|±^+n + l)r(^^^+n + l) 

^ , 5+1 6+1 a+/3+l a-(3+l 
X P„ -— : 



4 ' 2 ' 2 ' 2 ' 2 



and 



(6.3) 



™. ,,,, (-i)"(p+.A)r(«+i)r(^)r(^; 



2r(^^+n+2)r(^^+n + l) 



. A2 5+1 5-1 a+/3+3 a-/3+l 
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where 



P„(t^; a, b, c, d) = (a + &)„ {a+c)n {a+d)r 



^ p, -n, a+b+c+d+n — 1, a+t, a—t _ ^ 
^ ^ * a + 6, a+c, a+d ' 



denotes the Wilson polynomials. 

Proof. By evenness, the Opdam-Cherednik transform J-'(H2„) coincides with the 
Jacobi transform J^a,/3(H2„). Thus fl6.2p amounts to Formula (9.4) in Let us 
recall its proof, which was sketched in ^ Section 9] and which will be used for 
(16. 3p . On one hand, we expand 



H^„(x) = (-l)"(coshx)-"-^-^-2plf'")(2tanh2a;-l) 

= (^±lk (coshx)'°-'3-^-2 2Fi(-n, a + 5+n+l; (5+1; cosh'^x) 

n! 

(6.4) = (5+l)„ V (eosh.)— 

771=0 ^ ' 



in negative powers of coshx, using the symmetry 



and the definition (12.171) of Jacobi polynomials. On the other hand, recall the 
following Jacobi transform ^ Formula (9.1)] : 



(coshx)-"-/^-- ^r'«(x) dx = 



We conclude by combining (16. 4 p and (16. 5p 



26 



J.-PH. ANKER, F. AYADI AND M. SIFI 



(-If , V- i-n)^{a + 6+n+l)r 



m=0 ^ ' 

/■+0O 

io 



r(a+i) r(^±^+m) r(^±^+m; 
r(^±f±^+m+i) r(^^+m+Ty 



-1)" r(a+i)r(^±^)r(^^±^^ 
r(^±|±^+i)r(^^+T)" 



2 



(^>l)r 



2 ' ^ V 2 



-1)" r(a+i)r(^±^)r( 



2 



n\ r(^^+n+l)r(^^^+n+l) 
/_A^ m m a+^+l q;-/3+1 \ 
^ '^l 4' 2 ' 2 ' 2 ' 2 J 

Similarly, 

H2n+i(^) = (-l)"(coslix)-"-'^-''-2p(f-i'"+i)(2tanli2a;-l) tanlix 

= ^ — ^(5)„(sinlix) (coshx)-°^-'^-''-SFi(-n,Q;+(5+n+l;(5;cosli-^x) 
n! 

and 

•^(HL+i)(A)= / HL+i(a:)G£;^)(a;)A«,^(|a;|)dx 

- ^"^'^ /HL+i(x)<^?+^'^+^^(x)(sinh2x)^«,^(|x|)dx 



4(a + l) 

^^t!^ y (sinlixcoslia;)"^H^„+i(x)(/?5r"^^''^"^^^(x)>la+i,/3+i(2;)o?a; 
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p+iA ^ {-n)m{a+S+n+l)r 



r+oo 

/ (cosh ^-^-2--4 ^{"+1-/3+1) A^+,,^+,{x) dx 

Jo 



T{a + 2) r(^±^+m) r(^±^+m 



2r(^^+m + 2) r(^^+m+l) 

(-1)" (p+iA)r(a+i)r(^±^)r(^±i^^ 



^! 2r(^±f±^+2)r(rf:^+i) 



^ 2^ ■ 



m=0 



4F3(^ ^+2,^ + 1 '^j 



(p+a)r(a+i)r(^±^)r 



XPn 



n! 2r(^^±|±^+n+2)r(^^^+n+l) 
S+1 5-1 a+P+3 a-f3+l\ 



i-r- 



□ 



By comparing the Opdam-Cherednik transform of with the particular case 
Hq(x) = (coshx)~""^~'^~^, we obtain the following Rodrigues type formula. 

Corollary 6.4. Consider the polynomials 



2n 



(f\ — p (f_.S±l S+l a+l3+l a-/3+l \ 

,!(ii±|±*+l)„(ii4±^+l)„ -U' 2 ' 2 ' 2 ' 2 j' 



p<5 (f\ _ (-1)" (p+t) ^ a-i-13+3 a-i3+l \ 

^2n+lW 2n!(^^±|±^+lWi(^^+l)„ "^4' 2 ' 2 ' 2 ' 2 J" 

Then 

(6.6) Ei{x) = Pi{T'^^'^^){coshx)-''-^-^-^ VneN. 

/n other words, by replacing in the expansion of the polynomial P^(t) the variable t 
by the Dunkl-Cherednik operator T^°''^\ one obtains a differential-difference oper- 
ator, whose action on the function (coshx)~"~'^~''~^ yields the function H^(a;). 
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